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Gent lemen:  

I .  SUMMARY 

Our s t u d i e s  of c o l l e c t i v e  wave b e h a v i o r  due  t o  n o n l i n e a r  e f fec ts  

a r i s i n g  f rom t h e  s t r o n g  e l e c t r o n - p i e z o e l e c t r i c  i n t e r a c t i o n  i n  a m p l i f y i n g  

CdS have c o n t i n u e d  d u r i n g  t h i s  q u a r t e r ,  

mechanisms g i v i n g  r i s e  t o t h e  a c  c o l l e c t i v e  e f f e c t s  i s  a f f i x e d  t o  t h i s  

r e p o r t  a s  an  append ix .  

A p a p e r  d e s c r i b i n g  the fundamenta l  

E x p e r i m e n t a l  work on m a g n e t o s t a t i c  and m a g n e t o e l a s t i c  i n t e r -  

a c t i o n s  and a t h e o r e t i c a l  a n a l y s i s  of  the i n t e r m e d i a t e  mode of  p r o p a g a t i o n  

i n  Y I G  r o d s  i s  a l s o  g i v e n  i n  t h i s  r e p o r t .  

1 1 .  MAGNETOACOUSTIC AND SPIN WAVE INTERACTIONS 

A .  I n t r o d u c t i o n  

Two modes of  s p i n  wave p r o p a g a t i o n  have been obse rved  p r e v i o u s l y  

i n  y t t r i u m  i r o n  g a r n e t  ( Y I G )  r o d s :  

m a g n e t o s t a t i c  mode.2 However, a new mode of  s p i n  wave p r o p a g a t i o n  was 

o b s e r v e d  and r e p o r t e d  i n  the second q u a r t e r l y  p r o g r e s s  r e p o r t  wr i t ten  f o r  

t h i s  c o n t r a c t .  

i t  w i l l  f u r n i s h  us  w i t h  a more comple te  u n d e r s t a n d i n g  of  magne t i c  in te r -  

a c t i o n s  i n  Y I G  and s i m i l a r  m a t e r i a l s  bu t  a l s o  from the p r a c t i c a l  p o i n t  of  

v i ew,  

f i e l d  o r  f r e q u e n c y  swept d e l a y  l i n e  devices,  

e x t e n d e d  o u r  e x p e r i m e n t a l  work and r e f i n e d  the  model f o r  the  i n t e r a c t i o n  

by means of  w h i c h  t h e  d e l a y  time i s  c a l c u l a t e d .  

t h e  m a g n e t o e l a s t i c  mode' and t h e  

T h i s  new mode of p r o p a g a t i o n  i s  of  i n t e re s t  n o t  o n l y  b e c a u s e  

T h e  l i n e a r  d i s p e r s i v e  c h a r a c t e r i s t i c s  of  the new mode a r e  i d e a l  f o r  
Dur ing  t h i s  q u a r t e r  we have 
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1 ,  Exper imen t  
S i n c e  i t  i s  i m p o r t a n t  t o  d e t e r m i n e  where  t h e  i n t e r m e d i a t e  e c h o e s  

a r e  g e n e r a t e d ,  e x p e r i m e n t a l  d a t a  ob ta ined  from r o d s  hav ing  p o l i s h e d  end f a c e s  

werecompared w i t h  t h a t  o b t a i n e d  from t h o s e  w i t h  end f a c e s  which a r e  un- 

s a t i s f a c t o r y  f o r  m a g n e t o e l a s t i c  s t u d i e s ,  I t  was found t h a t  t h e r e  was no 

c o r r e l a t i o n  between t h e  p e r f e c t i o n  o f  t h e  end s u r f a c e s  and t h e  a p p e a r a n c e  

of  t h e  i n t e r m e d i a t e  e c h o e s ,  However, i f  m a g n e t o s t a t i c  echoes  were obse rved ,  

i n t e r m e d i a t e  e c h o e s  were a l s o  seen. 

t h e  a d d i t i o n a l  f a c t  t h a t  b o t h  m a g n e t o s t a t i c  and i n t e r m e d i a t e  e c h o e s  a r e  

p r e s e n t  i n  a t r a n s v e r s e l y  magnet ized  rod,  a l t h o u g h  m a g n e t o e l a s t i c  e c h o e s  

a r e  n o t  seen, we a r e  l e d  t o  c o n c l u d e  t h a t  t h e  m a g n e t o s t a t i c  and i n t e r m e d i a t e  

e c h o e s  a r e  g e n e r a t e d  a t  s i m i l a r  p o s i t i o n s  w i t h i n  t h e  rod .  

From these p r e l i m i n a r y  e x p e r i m e n t s  and 

An i n t e r e s t i n g  f e a t u r e  i s  found i n  compar ing  t h e  a p p l i e d  magne t i c  

f i e l d s  a t  which t h e  m a g n e t o e l a s t i c  and t h e  m a g n e t o s t a t i c  e c h o e s  are f i r s t  

s e e n  a t  a p a r t i c u l a r  t e m p e r a t u r e .  These  i n i t i a l  f i e l d s  ( H  1 were compared 

a t  v a r i o u s  t e m p e r a t u r e s  f o r  t h r e e  d i f f e r e n t  r o d s .  The  r e s u l t s  a r e  shown 

i n  T a b l e  1. I t  i s  seen t h a t  t he  d i f f e r e n c e  AH between t h e  f i e l d  a t  which 

t h e  m a g n e t o e l a s t i c  e c h o e s  a r e  f i r s t  observed  ( $ E )  and the f i e l d  a t  w h i c h  

m a g n e t o s t a t i c  e c h o e s  a r e  obse rved  i s  independen t  of  rod  l e n g t h  and 

d i a m e t e r  and i s  e q u a l  t o  277 times t h e  s a t u r a t i o n  m a g n e t i z a t i o n  . 

i 

MS 

AH = €$E - €-#,s s 2rrMS 

T h e  most s t a r t l i n g  p i e c e  of  i n f o r m a t i o n  o b t a i n e d  f rom t h e  d a t a  i s  t h a t  the 

f i e l d  a t  which t h e  t u r n i n g  p o i n t  occu r s  

and B ,  I f  we assume,  a s  i s  g e n e r a l l y  done,  t h a t  m a g n e t o s t a t i c  waves t r a v e r s e  

t h e  whole  l e n g t h  of  t he  r o d ,  t h e n  m a g n e t o s t a t i c  echoes  shou ld  n o t  b e  obse rved  
u n d e r  t h e s e  c o n d i t i o n s  because  s p i n  waves canno t  p r o p a g a t e  i n  r e g i o n s  where 

t h e  i n t e r n a l  f i e l d  i s  g r e a t e r  t h a n  t h e  i n t e r n a l  f i e l d  a t  t h e  t u r n i n g  p o i n t  

t 
(" = H i )  i s  found w i t h i n  r o d s  A 
Y 

( H i  
i n  r o d s  A and B even  though i t  a p p e a r s  t h a t  t h e y  shou ld  n o t  be .  

H i ) .  I t  i s  i m p o r t a n t  t o  n o t e  t h a t  m a g n e t o s t a t i c  echoes  a r e  obse rved  
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I n  a d d i t i o n , m a g n e t o e l a s t i c  echoes  shou ld  n o t  b e  obse rved  f o r  

a p p l i e d  f i e l d s  ( H o )  g r e a t e r  t h a n  

But  i t  i s  s e e n  i n  r o d s  A and B t h a t  H i s  s i g n i f i c a n t l y  l a r g e r  t h a n  

%E. 
n o t  e x h i b i t  these e f f e c t s ,  and a l s o  i n  the t e m p e r a t u r e  dependence  of 
i %E i n  r o d s  A and B. 

d i a m e t e r  and were o b t a i n e d  from t h e  same s o u r c e  (Microwave Chemica l s  

L a b o r a t o r y )  b u t  most l i k e l y  were grown on d i f f e r e n t  days  w i t h  s l i g h t l y  

d i f f e r e n t  b a t c h e s  of  m a t e r i a l .  Thus  we s h a l l  assume t h a t  t h e  d i f f e r e n c e  

i n  b e h a v i o r  i s  due t o  t h e  p r e s e n c e  of  i m p u r i t i e s  whose i n f l u e n c e  m a n i f e s t s  

i t s e l f  l i k e  an  a d d i t i o n a l  demagne t i z ing  f i e l d .  T h i s  a s sumpt ion  i s  sup- 

p o r t e d  by t h e  f a c t  t h a t  

A and B .  T h i s  f a c t  i n d i c a t e s  t h a t  t h e  magni tude  of  HME i s  n o t  a 

f u n c t i o n  of  the  s a t u r a t i o n  m a g n e t i z a t i o n  which d e c r e a s e s  w i t h  i n c r e a s i n g  

t e m p e r a t u r e ,  b u t  i s  most p robab ly  r e l a t e d  t o  some exchange  r e l a x a t i o n  

r a t e  between i m p u r i t y  i o n s  and t h e  i r o n  s u b l a t t i c e .  T h i s  problem w i l l  be  

s t u d i e d  f u r t h e r ,  n o t  on ly  t o  f i n d  t h e  s o u r c e  of  t h e  e f f e c t  b u t  a l s o  t o  
d i s c o v e r  how t h e  anomalous r e s o n a n c e  f i e l d  i n f l u e n c e s  s p i n  wave i n t e r a c t i o n s  

i n  Y I G  r o d s .  

0 
The  c l u e  t o  t h i s  s t r a n g e  b e h a v i o r  i s  c o n t a i n e d  i n  r o d  C, w h i c h  d o e s  

Rods A and C have e s s e n t i a l l y  t h e  same l e n g t h  and 

%E r i s e s  w i t h  i n c r e a s i n g  t e m p e r a t u r e  i n  samples  
i 

Dur ing  t h e  c o u r s e  of  t h i s  work t h e  c o n d i t i o n s  f o r  maximum ampli-  

t u d e  of  t h e  i n t e r m e d i a t e  echo  were s t u d i e d .  I t  was found t h a t  maximum 

i n t e n s i t y  i s  o b t a i n e d  when t h e  d i r e c t i o n  of  t h e  r . f .  f i e l d  

p e r p e n d i c u l a r  t o  t h e  r o d  a x i s .  D e v i a t i o n s  of  more t h a n  1 r e d u c e  t h e  

a m p l i t u d e  c o n s i d e r a b l y .  I t  shou ld  be no ted  t h a t  t h i s  c o n d i t i o n  does  n o t  

a p p l y  t o  t h e  d i r e c t i o n  of  t he  e x t e r n a l  f i e l d  s ince  maximum echo  i n t e n s i t y  

i s  n o t  o b t a i n e d  when H i s  p a r a l l e l  t o  t h e  rod  a x i s .  T h e  d e v i a t i o n s  i n  

t h i s  c a s e  can  be  q u i t e  l a r g e  (- 5 - 10') and no c o n s i s t e n t  b e h a v i o r  was 

f o u n d .  T e m p e r a t u r e  a l s o  i n f l u e n c e s  t h e  echo  i n t e n s i t y .  A l though  t h i s  

work i s  i n  i t s  i n i t i a l  s t a g e s ,  a maximum i n  t h e  number and i n t e n s i t y  of t h e  

i n t e r m e d i a t e  e c h o e s  w i t h  d e c r e a s i n g  t e m p e r a t u r e  was found t o  o c c u r  a t  

hRb i s  
0 

0 
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I 

I 

abou t  170°K i n  r o d  B o  

was l e s s  t h a n  t h a t  obse rved  a t  room t e m p e r a t u r e .  

I n  a d d i t i o n ,  the i n t e n s i t y  of  t h e  e c h o e s  a t  77’K 

2.  Theory  
I n  d i s c u s s i n g  the  mode of  p r o p a g a t i o n  of  t h e  i n t e r m e d i a t e  e c h o e s  

we must d i s t i n g u i s h  c l e a r l y  between the g e n e r a t i n g  p o i n t  and t h e  t u r n i n g  

p o i n t ,  

d i s c u s s i n g  b r i e f l y  t h e  m a g n e t o e l a s t i c  and m a g n e t o s t a t i c  modes. 

p e r s i o n  r e l a t i o n  used  t o  d e s c r i b e  m a g n e t o e l a s t i c  waves,  

The  f a c t  t h a t  t h i s  d i f f e r e n c e  e x i s t s  can  be  i l l u s t r a t e d  c l e a r l y  by 

T h e  d i s -  
1 

= yH + yDk 2 
i . . . I  

where  a i s  t h e  o p e r a t i n g  f r e q u e n c y ,  D i s  t h e  exchange  c o n s t a n t  and Hi 

i s  t h e  i n t e r n a l  f i e l d  i n  t h e  r o d ,  i s  shown a t  t h e  t o p  of  F i g .  1 .  The  

l i n e a r  d i s p e r s i o n  i s  due t o  e l a s t i c  waves (LU = ck) and t h e  p a r a b o l a  i s  
t h e  s p i n  wave exchange  b r a n c h .  P o i n t  B a t  t h e  i n t e r s e c t i o n  of t h e  c u r v e s  

i s  c a l l e d  t h e  c r o s s o v e r  r e g i o n  where s p i n  waves and e l a s t i c  waves i n t e r a c t .  

We a r e  i n t e r e s t e d  i n  the  manner i n  which e l e c t r o m a g n e t i c  r a d i a t i o n  a t  

microwave f r e q u e n c i e s  i s  c o n v e r t e d  i n t o  s p i n  waves,  

c o u p l i n g  t o  s p i n  waves a r i s e s  f rom t h e  f a c t  t h a t  t h e  s p i n  wave l e n g t h  i s  

s m a l l  compared t o  the r , f .  wavelength .  However, a t  t h e  t u r n i n g  p o i n t  A, 
which we s h a l l  f o r  t h e  time b e i n g  d e f i n e  a s  t h e  p o s i t i o n  i n  t h e  r o d  where 

Y 
A i n  t h e  d i r e c t i o n  of  t h e  c e n t e r  of t h e  rod  ( F i g .  1) .  T h i s  i s  due  t o  the 

f a c t  t h a t  k = (” - H . ) / D  and since Hi u, the  wave number i s  imag ina ry  

( k  < 0) and s p i n  waves a r e  damped. I n  a d d i t i o n ,  t he  wavelength  of  s p i n  

waves d e c r e a s e s  r a p i d l y  due t o  t h e  d e c r e a s e  i n  

B toward  t h e  end of  t he  rod  a s  shown i n  t h e  bot tom of  F i g ,  1.  Thus  i t  can  

b e  seen t h a t  a n e t  s p i n  moment has  been p r o v i d e d  a t  t he  t u r n i n g  p o i n t  t o  

w h i c h  t h e  r . f ,  f i e l d  can coup le .  S p i n  waves which t r a v e l  toward t h e  t u r n -  

i n g  p o i n t  a r e  g e n e r a t e d  i n  t h i s  manner, 

The  d i f f i c u l t y  i n  

_ w -  - H i ,  s e v e r a l  i m p o r t a n t  e f f ec t s  occur .  S p i n  waves canno t  p r o p a g a t e  beyond 

2 
2 Y 1  Y 

Hi a s  we move f rom A t o  



MAGNETOELASTIC MODE 

I 
L F  

1 1 '  ( z ) + I  

I I dSPIN WAVE 
I 
I 
I 
I 

I ELASTIC WAVE REGION 

RRE""" 
W '  

FIG. 1 (Top)  D i s p e r s i o n  r e l a t i o n  f o r  phonons and exchange-dominated s p i n  
waves.  The d e g e n e r a c y  i s  l i f t e d  a t  B ,  t h e  c r o s s o v e r  p o i n t  where 
t h e  i n t e r a c t i o n  between phonons and s p i n  waves i s  s t r o n g .  P o i n t  
A a t  small v a l u e s  of  k i s  c a l l e d  t h e  t u r n i n g  p o i n t  a t  which s p i n  
waves are  r e f l e c t e d  and beyond which s p i n  wave p r o p a g a t i o n  does  
n o t  o c c u r .  A n e t  s p i n  moment i s  a l so  p r o v i d e d  a t  p o i n t  A due t o  a 
wavelength  d e c r e a s e  toward p o i n t  B a s  shown a t  t h e  bot tom o f  t h e  
f i g u r e .  
( C e n t e r )  I n t e r n a l  f i e l d  c o n f i g u r a t i o n  i n  an a x i a l l y  magnet ized  r o d .  
The  t u r n i n g  p o i n t  A and t h e  c r o s s o v e r  p o i n t  B are  shown. 
t i o n  of  p r o p a g a t i o n  o f  t h e  m a g n e t o s t a t i c  mode i s  shown b y  t h e  a r r o w s .  

The d i r e c -  
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3 I n  t h e  c a s e  of  m a g n e t o s t a t i c  modes t h e  d i s p e r s i o n  r e l a t i o n  i s  

2 
2 = Hi + 2rrM (2,) 
Y k2 

a , "  2 

A s  s t a t e d  e a r l i e r  i t  i s  assumed t h a t  the t u r n i n g  p o i n t  i s  no l o n g e r  i n  
2 t h e  r o d  f o r  m a g n e t o s t a t i c  mode p r o p a g a t i o n  t o  o c c u r e  

we o b t a i n  

S o l v i n g  2 f o r  k 

. . .  3 

I t  i s  s e e n  from E q .  3 and t h e  d c  i n t e r n a l  f i e l d  d i s t r i b u t i o n  w i t h i n  t h e  

a x i a l l y - m a g n e t i z e d  r o d  ( c e n t e r  of F i g ,  2) t h a t  
f o r e  t h e  s p i n  wave leng th  d e c r e a s e s  from t h e  end of t h e  rod  toward t h e  

c e n t e r  a s  shown a t  t h e  bot tom of F i g .  2. I n  a d d i t i o n , t h e  t u r n i n g  p o i n t  

( d y  = H.) i s  found a t  a n  i n f i n i t e l y  l a r g e  wavenumber (k -, = I .  
c o u p l i n g  of t h e  microwave r . f .  f i e l d  t o  m a g n e t o s t a t i c  s p i n  waves c a n n o t  

o c c u r  a t  t h e  t u r n i n g  p o i n t  since no ne t  moment i s  a v a i l a b l e  there. T h i s  

i s  one i m p o r t a n t  d i f f e r e n c e  between the t u r n i n g  p o i n t  f o r  m a g n e t o s t a t i c  

waves and  t h a t  f o r  m a g n e t o e l a s t i c  waves. I t  i s  i m p o r t a n t  t o  n o t e  t h a t  

even  i n  t h e  c a s e  of  t h e  m a g n e t o e l a s t i c  mode t h e  t u r n i n g  p o i n t  does  not 
p r o v i d e  a c o u p l i n g  r e g i o n .  

change  o f  wave leng th  due  t o  the non-uni formi ty  i n  t he  i n t e r n a l  d c  f i e l d  

a s  p o i n t e d  o u t  by S ~ h l ' 6 m a n n . ~  Thus  m a g n e t o s t a t i c  waves can  be  g e n e r a t e d  

and  d e t e c t e d  o n l y  a t  t h e  ends  of  t h e  rod where t h e  s p i n  moment ex i s t s .  

k2 i n c r e a s e s  and t h e r e -  

However, 
1 

The source  of  t h e  n e t  moment i s  t h e  r a p i d  

I n  t h e  second q u a r t e r l y  r e p o r t  we proposed  a p o s s i b l e  e x p l a n a t i o n  

f o r  t h e  i n t e r m e d i a t e  e c h o  which c o n s i s t e d  of  c o n v e r t i n g  slow-moving 

m a g n e t o s t a t i c  s p i n  waves i n t o  e l a s t i c  waves a t  t h e  c r o s s o v e r  p o i n t .  I n  

t h i s  model t h e  change  i n  d e l a y  time a r o s e  from t h e  v a r y i n g  amounts of  

time s p e n t  a s  a slow-moving m a g n e t o s t a t i c  wave. We have c a l c u l a t e d  t h e  

v a l u e  of  k i n  the m a g n e t o s t a t i c  r e g i o n  d e g e n e r a t e  w i t h  t h e  c r o s s o v e r  
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1 

I 
I I 
I- WAVELENGTH IN ROD -1 

FIG. 2 (Top)  D i s p e r s i o n  r e l a t i o n  f o r  m a g n e t o s t a t i c  s p i n  waves showing t h e  
a s y m p t o t i c  approach  t o  t h e  t u r n i n g  p o i n t  a t  
( C e n t e r )  I n t e r n a l  f i e l d  d i s t r i b u t i o n  i n  an a x i a l l y  magnet ized  r o d .  
The d i r e c t i o n  of p r o p a g a t i o n  of  m a g n e t o s t a t i c  waves i s  shown by 
t h e  a r rows .  The t u r n i n g  p o i n t  Hi = w/v  i s  n o t  c o n t a i n e d  i n  t h e  
r o d  

(Bottom) The r e l a t i v e  wavelength  of  m a g n e t o s t a t i c  waves i n  t h e  r o d .  
The l a r g e  wavelength  a t  t h e  e n d s  o f  t h e  r o d  p r o v i d e s  t h e  n e t  moment 
f o r  c o u p l i n g  t o  t h e  r f  f i e l d .  

k -. m . 
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. . .  4 

where  ke 

g i v e n  by 

i s  t h e  wavenumber a t  the c r o s s o v e r  p o i n t  i n  t h e  exchange  r e g i o n  

I 

5 -1 i 
k =  - 10 (cm ) e 

where  c i s  the v e l o c i t y  of s h e a r  e l a s t i c  waves. Us ing  Eq.  2 t he  g r o u p  

v e l o c i t y  of  m a g n e t o s t a t i c  waves f o f - t h e  c o n d i t i o n  

t o  be 

- 
wMS - wCR i s  found 

- dw - - v = - 4 n ~ y [ + )  y 2 1  8 - = - 2 .34(10  )cm/sec.  
dk g k3  

T h u s  we a r e  a b l e  t o  c o n c l u d e  t h a t  m a g n e t o s t a t i c  waves a r e  t r a v e l i n g  much 

t o o  f a s t  i n  t h e  r e g i o n  d e g e n e r a t e  w i t h  t h e  c r o s s o v e r  t o  a c c o u n t  f o r  t h e  

i n t e r m e d i a t e  e c h o  d e l a y  time by t h e  above mechanism. However, we have  a l -  

l u d e d  t o  a m a g n e t o s t a t i c  t u r n i n g  p o i n t  a s  a b a r r i e r  a t  which t h e  waves a r e  

p a r t i a l l y  r e f l e c t e d  and damped. 

t h e  e q u a t i o n  of mot ion  of  m a g n e t o s t a t i c  waves i n  the form 

T h i s  can be  seen  more c l e a r l y  by w r i t i n g  

. . .  5 

where  k2 i s  g i v e n  by Eq.  3 and z i s  measured down t h e  a x i s  f rom t h e  

c e n t e r  of t h e  r o d ,  The  r a t e  of  change of s l o p e  ( c u r v a t u r e )  of  Eq. 5 i s  

n e g a t i v e  f o r  p o s i t i v e  m and k > 0, b u t  e v e n t u a l l y  t h e  m c o o r d i n a t e  2 
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FIG. 3 (Top,) D i s p e r s i o n  r e l a t i o n  o f  m a g n e t o s t a t i c  s p i n  waves showing t h e  
c u t o f f  wavenumber a r i s i n g  from l o s s e s .  
( C e n t e r )  I n t e r n a l  f i e l d  d i s t r i b u t i o n  i n  an a x i a l l y  magnet ized r o d .  
The t u r n i n g  p o i n t  w i t h o u t  l o s s e s  ( d y )  and w i t h  l o s s e s  ( w / y  -AH, 1 
are shown i n  a d d i t i o n  t o  t h e  d i r e c t i o n  o f  p r o p a g a t i o n  i n t e r m e d i a t e  
mode. 
(Bot tom) Change o f  wavelength o f  i n t e r m e d i a t e  mode a s  we p roceed  
from t h e  end o f  t h e  r o d  toward the  c u t o f f  wavenumber. 



a x i s  w i l l  be c r o s s e d  and m w i l l  change s i g n .  T h i s  changes  t he  s i g n  o f  the  

c u r v a t u r e  and t h e  p r o c e s s  w i l l  r e p e a t ,  l e a d i n g  t o  an  o s c i l l a t i n g  f u n c t i o n .  

I f ,  however, we choose  the same i n i t i a l  c o n d i t i o n s ,  e x c e p t  t h a t  k2 0 and 

assume a f i n i t e  v a l u e  of  m a t  1zI = co, t h e  f u n c t i o n  w i l l  n o t  c r o s s  the m 

c o o r d i n a t e  a x i s .  T h i s  i s  due  t o  t h e  f a c t  t h a t  the s i g n  of  

t u r e  a r e  t h e  same. As z i n c r e a s e s ,  rn approaches  z e r o  m o n o t o n i c a l l y  (damped 

f u n c t i o n ) .  Thus  t h e  c h a r a c t e r  of t h e  wave changes  a t  J) = yHi. I n  c o n t r a s t  

t o  t h e  exchange  b ranch  where the t u r n i n g  p o i n t  o c c u r s  a t  

s t a t i c  t u r n i n g  p o i n t  o c c u r s  a t  k = 3 ~ .  T h i s  i s  u n s a t i s f a c t o r y  f o r  s e v e r a l  

r e a s o n s ,  n o t  t h e  l e a s t  o f  which i s  the  f a c t  t h a t  f o r  l a r g e  v a l u e s  of  k 

( > 10 cm-') t h e  d i s p e r s i o n  r e l a t i o n  i s  dominated by the  exchange  e n e r g y ,  
6 We have ,  however, n o t  i n c l u d e d  losses i n  t h e  s p i n  wave d i s p e r s i o n  r e l a t i o n ,  

T h i s  can  be done by r e p l a c i n g  cu w i t h  w + iY(AHk/2) and k w i t h  k + i K  

where nHk i s  the s p i n  wave l i n e w i d t h .  

m and t h e  cu rva -  

k = 0, t h e  magneto- 

4 

2 

w + i ( ~ ]  YAHk = YHo + 2nMY (:) 1 

( k  + i K I 2  

E q u a t i n g  r e a l  and imaginary  p a r t s  and s o l v i n g  t h e  e q u a t i o n  c o n t a i n i n g  t h e  

i m a g i n a r y  p a r t  f o r  K we o b t a i n  

s u b s t i t u t i n g  K 

new d i s p e r s i o n  r e l a t i o n  

i n t o  t h e  e q u a t i o n  c o n t a i n i n g  t h e  r e a l  p a r t  we o b t a i n  t h e  

. . .  6 
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From Eq. 6 i t  i s  seen t h a t  t h e  i n t r o d u c t i o n  of  l o s s e s  has  moved t h e  t u r n -  

i n g  p o i n t  f rom k = Q) t o  a c u t o f f  wavenumber kco g i v e n  by 

M a g n e t o s t a t i c  wave p r o p a g a t i o n  does  not o c c u r  f o r  

we p o i n t e d  o u t  above  t h e  m a g n e t o s t a t i c  waves a r e  p a r t i a l l y  r e f l e c t e d  a t  

i n  t h e  same way a s  they  a r e  r e f l e c t e d  f rom t h e  t u r n i n g  p o i n t  i n  t h e  

m a g n e t o e l a s t i c  mode.5 The  g r o u p  v e l o c i t y  

m e d i a t e  e c h o e s  i s  c a l c y l a t e d  from E;q. 5 and found t o  be  

k > kco. However, a s  

k C o  
V = dw/dk of  t h e  i n t e r -  

9 

The  d e l a y  time T i s  o b t a i n e d  from the  e q u a t i o n  

T h e  c o m p l e x i t y  of  t h e  i n t e g r a l  h a s  made i t  d i f f i c u l t  t o  o b t a i n  a s o l u t i o n  

i n  c l o s e d  form.  However, an  o r d e r  o f  magni tude e s t i m a t e  h a s  been made by 

means of a hand c a l c u l a t b r .  The  r e s u l t s  o f  these c a l c u l a t i o n s  i n d i c a t e  

t h a t  o u r  model f o r  t h e  i n t e r m e d i a t e  echo y i e l d s  s a t i s f a c t o r y  r e s u l t s .  

C ,  Program f o r  Next I n t e r v a l  

Our a n a l y s i s  of  t h e  i n t e r m e d i a t e  echo  and t h e  f i e l d  dependence  of  

t h e  d e l a y  time w i l l  b e  comple ted  d u r i n g  t h e  next q u a r t e r .  A computer  
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program i s  b e i n g  written t o  c a l c u l a t e  T d i r e c t l y .  E x p e r i m e n t a l  d a t a  

w i l l  b e  p r e s e n t e d  which d e s c r i b e s  t h e  changes  i n  d e l a y  time w i t h  t emper -  

a t u r e  and rod  s ize .  
I n  a d d i t i o n , w o r k  w i l l  c o n t i n u e  on t h e  anomalous f i e l d  e f f e c t  

mentioned i n  t h i s  r e p o r t .  A ser ies  of r e l a x a t i o n  time measurements w i l l  

be  i n i t i a t e d  t o  g a i n  i n f o r m a t i o n  about  t h e  c o u p l i n g  of i m p u r i t y  i o n s  

t o  t h e  i r o n  s u b l a t t i c e  and t o  determine whether t h i s  c o u p l i n g  i n f l u e n c e s  

s p i n  wave p r o p a g a t i o n .  
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, 

Temp. 
8OoK 
4.7'K 

ROD A 0.408" x 0 ~ 120" 

0 wiry , H 

3072.6 3373 - - -  
3072 ~ 6 3386 - - -  

80°Ko 
4.7 K 

I 

Maanetoelastic 
I 

3050.82 4518.06 - - - - I 
I 

3051.18 4485.2 - --------' 

( (100) orientation) 

Room Temp. 

5.4'K 1.8% 

1 . - - + - - -  
OH = 1145 gauss 

- - -  
7 

I , AH = 1099 gauss 
I I 

I 
I I 

1 3058.6 3198 - .- -- - - - 
AH = 860 gauss 

3072.98 3425 - - -  --- 4 
3072.5 3430 - -  - ' - - - -  + - - - -T  

a I 

Room Temp, 

5.4'K 
1.8OK 

I 1 3058.68 4050 - - - - - - 
3072.98 
3076 e 2 

AH = 1154 gauss 1 
4579.7 - - - - -  AH = 1136 gauss 

I 4566.1 --_._ - - -_ -  _ _ _ _  
r I I I 

( (110) orientation) 

Temp. 
BOOK 

1.75'K 

3059.75 3069.15 - 
3016.5 3026.81 - 

-1 --- 

80°K 

1 .75'K 

AH = 1202' gauss 
-1 

I 
I 

. - - - I -  

3059.75 4271.32 --- - - - -' I 
AH = 1211.8 gauss 

2989.7 4238.65 --- - - - - - - 

Table I 
Magnetic fields at which magnetoelastic and magnetostatic echoes are 
first observed at various temperatures as the applied field is lowered 
from values well above the resonance condition. 
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ABSTRACT 

The e l e c t r o n - p i e z o e l e c t r i c  sound wave i n t e r a c t i o n  g i v e s  

r i s e  t o  t h r e e  d i s t i n g u i s h a b l e  phenomena: g a i n ,  a c o u s t o e l e c -  

t r i c  effects ,  and n o n l i n e a r  mixing .  The a c o u s t o e l e c t r i c  

e f f e c t s ,  . th rough c o u p l i n g  t o  t h e  g a i n ,  c a u s e  i n t e r a c t i o n  be- 

tween  sound waves which can  g i v e  r i se  t o  c o l l e c t i v e  wave 

p r o p a g a t i o n .  

e 1 ect ri c wave. 

The p r o p a g a t i o n  can b e  d e s c r i b e d  a s  an a c o u s t o -  

If n o n l i n e a r  m i x i n g  i s  s t r o n g e r  t h a n  t h e  n e t  c o h e r e n t  

g a i n  f o r  some group o f  sound waves, t h e  c o l l e c t i v e  propaga-  

tion w i l l  b e  a second sound a c o u s t o e l e c t r i c  wave. The non- 

l i n e a r  mixing  r a t e  i s  e s t i m a t e d  and found  t o  be r a p i d  enough 

f o r  second sound waves unde r  c e r t a i n  c o n d i t i o n s .  

I. INTRODUCTION 

The p u r p o s e  o f  t h i s  p a p e r  i s  t o  i l l u s t r a t e  t h e  fundamen ta l  mecha- 

n i sms  wh ich  can  g i v e  r i s e  t o  a c  c o l l e c t i v e  effects  i n  a m p l i f y i n g  CdS. The 

word c o l l e c t i v e  i s  used t o  i n d i c a t e  t h a t  t h e  e f fec ts  d e s c r i b e d  a r e  n o t  due 

t o  any o n e  sound wave b u t  r a t h e r  t h a t  t h e  e f fec ts  have  t o  do w i t h  t h e  co- 

o p e r a t i v e  b e h a v i o r  o f  many sound waves. O f  c o u r s e ,  f o r  t h i s  c o o p e r a t i v e  

* 
The work  r e p o r t e d  h e r e  was p a r t i a l l y  s u p p o r t e d  by t h e  N a t i o n a l  A e r o n a u t i c s  

and  S p a c e  A d m i n i s t r a t i o n  unde r  C o n t r a c t  No. NAS-1184. 



1 
behavior t o  come about, some type of  i n t e r a c t i o n  m u s t  e x i s t  between the  d i f -  

ferent sound waves. I n  CdS, t h e  very s t rong and extremely nonl inear  e l ec t ron -  

p i e z o e l e c t r i c  sound wave i n t e r a c t i o n  provides t h e  means t o  achieve c o l l e c t i v e  

behavior,  

I 

I n  add i t ion  t o  t h e  well-known ampl i f i ca t ion ,  the  e l ec t ron -  

I p i e z o e l e c t r i c  i n t e r a c t i o n  produces two o t h e r  important phenomena: the acousto- 

e l e c t r i c  e f f e c t s  and non l inea r  mixing. 

t h e  i n t e r a c t i o n  t h a t  can hold a c o l l e c t i v e  wave toge the r .  

i n g  can g r e a t l y  a l t e r  t h e  form t h a t  t h e  c o l l e c t i v e  wave may take.  

weak non l inea r  mixing, t h e  c o l l e c t i v e  wave w i l l  be a convective t y p e  wave and 

w i l l  t r a v e l  a t  c l o s e  t o  t h e  ve loc i ty  of sound. Convective waves a r e  taken t o  

be waves which can grow i m  amplitude down t h e  l eng th  of a c r y s t a l .  

l i m i t  of  l a r g e  nonl inear  mixing, t h e  wave w i l l  be a compression wave o r  second 

sound wave and w i l l  t r a v e l  a t  1/fl times t h e  v e l o c i t y  of sound. 

t h a t  both waves have been observed i n  CdS. 

The a c o u s t o e l e c t r i c  e f f e c t s  provide 

The nonl inear  mix- 

For  very 

I n  the  

It appears 

I n  Sec. 11, t h e  e l ec t ron -p iezoe lec t r i c  wave i s  shown t o  give r i s e  

t o  c u r r e n t s  which a r e  r e spons ib l e  f o r :  a c o u s t o e l e c t r i c  e f f e c t s ,  ga in ,  and 

non l inea r  mixing. I n  Sec. 111, i t  i s  shown t h a t  under c e r t a i n  condi t ions 

a c o u s t o e l e c t r i c  e f f e c t s  can give r ise t o  c o l l e c t i v e  wave propagation. 

The e f f e c t  of  t h e  nonl inear  mixing is discussed i n  Sec. I V . ,  and 

t h e  concept of a sonic f l u i d  i s  described. The  s o n i c  f l u i d  i s  a v a l i d  de- 

s c r i p t i o n  of t h e  hypersonic system i n  t h e  l i m i t  of  r a p i d  mixing c o l l i s i o n s .  

The c o l l e c t i v e  wave ( o r  second sound wave), which i s  the  proper Solu- 

t i o n  i n  t h e  l i m i t  o f  r a p i d  mixing, i s  descr ibed i n  Sec. V .  

I n  Sec. V I ,  a rough o rde r  of magnitude i s  c a l c u l a t e d  f o r  t he  l i f e -  

time of  sound waves making up t h e  sonic f l u i d .  On t h e  basis of t h i s  l ifetime, 

- 2  - 



one can determine which sound wave frequencies  make up t h e  sonic  f l u i d  and 

hence a r e  capable o f  support ing second sound waves. 

11. ELECTRON-PIEZOELECTRIC WAVE INTERACTION 

The passage o f  a sound wave through t h e  p i e z o e l e c t r i c  c r y s t a l  

causes a p e r i o d i c  v a r i a t i o n  of  t h e  e l e c t r i c  p o t e n t i a l .  

p o t e n t i a l  bunches free car r ie rs  i n  t h e  region o f  lowest p o t e n t i a l .  

c rys ta l  which has  many sound waves present  wi th  frequencies  w A ,  t h e  e l e c t r o n  

d e n s i t y  d i s t r i b u t i o n  w i l l  be modulated by each wave A ,  and one could write 

t h e  time dependence o f  t h e  e l e c t r o n  dens i ty  as  

This  v a r i a t i o n  i n  

Fori a 

i w l t  
n = no + C n4e + C.C. 

4 
(2.1) 

where no i s  t h e  ambient dens i ty  and n6 i s  t h e  size of  t h e  f l u c t u a t i o n  asso- 

c i a t e d  w i t h  each wave 4 .  

S i m i l a r l y ,  t h e  c a r r i e r  d r i f t  v e l o c i t y  i s  modulated by t h e  a l te r -  

n a t i n g  p i e z o e l e c t r i c  f i e l d s  and the d r i f t  v e l o c i t y  can be w r i t t e n  

i w A  t 
vd = vo + C v4e + C.C. 

4 
(2.2) 

where vo i s  t h e  dc c u r r e n t  and v4 i s  the size of t h e  f l u c t u a t i o n  i n  v e l o c i t y  

due t o  wave A .  

d' The cu r ren t  i s  proport ional  t o  t h e  product o f  n and v 

iw6t i w A t  

O 4  
j = enOvO + (eno2 vAe + ev 2 nAe ..I 

i w A t  - i w A t  
+ C evAnAe e 

... 1 i ( w n k w m ) t  
[I (2.3) 



. (2 .4 )  

* 
The power generated a t  a frequency w A  i s  P(wA) = *Re[j(wL)E ( w 6 )  + c.c.] 

where E(wA) i s  t h e  p i e z o e l e c t r i c  f i e l d  of sound wave A .  

i s  being amplif ied o r  damped depends on t h e  r e l a t i v e  phase between j and E. 

Whether t h e  wave 

The f i r s t  o r d e r  cu r ren t s  j ( w I )  @re respons ib l e  f o r  t h e  f a m i l i a r  

u l t r a s o n i c  ampl i f i ca t ion  o f  wave 4 when v > vS. '  The  t h i r d  term i n  Eq. (2.4) 

i s  the gene ra l i zed  a c o u s t o e l e c t r i c  current. One can see t h a t  

0 

(2.5) 

i s  a d d i t i v e  over  a l l  sound waves I. 

not have time dependence wa it  does not ,  t o  f i r s t  o rde r ,  d i r e c t l y  a l t e r  P(wl). 

One can a l s o  see t h a t  since j ' ( 0 )  does 

The c u r r e n t s  j ' ( w 6 )  a r e  t h e  nonl inear  mixing currents. For 

examplet i f  wm = w 

wA = 2w,, g iv ing  r ise  t o  second harmonic generat ion.  

l a r g e  number of waves of many frequencies  wm, t h e n  there w i l l  be cu r ren t  a t  a l l  

sum and d i f f e r e n c e  combinations. 

t h e  d i s t r i b u t i o n  of  sound waves. 

i n  Eq. (2.31, t h e n  power can be f e d  t o  a wave wL where n 
I n  gene ra l ,  i f  there i s  a 

This can cause mixing of  energy t o  occur among 

To summarize t h i s  s ec t ion ,  we note  t h a t  there a r e ,  i n  t h e  presence 

of p i e z o e l e c t r i c  sound waves: (1) f i r s t  o rde r  currentswhich can cause gain o r  

l o s s ,  (2 )  an a c o u s t o e l e c t r i c  cu r ren t  which  i s  proport ional  t o  t h e  t Q t a l  sonic 

energy d e n s i t y  i n  a region, and (3) mixing c u r r e n t s  a t  t h e  sum and d i f f e r e n c e  

f r e q u e n c i e s  f o r  a l l  t h e  waves p re sen t .  
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I11 e THE ACOUSTOELECTRIC COLLECTIVE WAVE 
I 

In t h i s  s e c t i o n ,  we w i l l  assume t h a t  t h e  e f f e c t  o f  t h e  mix ing  cur- 
l 

r e n t s  i s  small and we w i l l  c o n c e n t r a t e  on t h e  effect  o f  j'(O>, t h e  a c o u s t o -  

e l e c t r i c  current. When t h e  e l e c t r o n s  a r e  a m p l i f y i n g  sound waves ,  t h e  r e a c t i o n  

back on t h e m  t e n d s  t o  d e c r e a s e  t h e  c u r r e n t .  

€jutson,2 the a c o u s t o e l e c t r i c  current t h e n  f l o w s  i n  t h e  o p p o s i t e  d i r e c t i o n  t o  

t h a t  of t h e  sound wave. 

t i o n a l  t o  t h e  l o c a l  a c o u s t i c  ene rgy  d e n s i t y ,  a v a r i a t i o n  o f  a c o u s t i c  d e n s i t y  

from r e g i o n  t o  r e g i o n  o f  the  c r y s t a l  w i l l  c a u s e  t h i s  c u r r e n t  t o  a l s o  v a r y  from 

r e g i o n  t o  r e g i o n .  

T h e r e f o r e ,  a s  p o i n t e d  o u t  by 

, 
Since t h e  l o c a l  a c o u s t o e l e c t r i c  c u r r e n t  i s  p r o p o r -  

The s i t u a t i o n  i s  i l l u s t r a t e d  i n  F i g .  1 where a f l u c t u a t i o n  o r  

a m p l i t u d e  modu la t ion  i s  set up o v e r  d i s t a n c e s  l a r g e  compared t o  the  wave- 

l e n g t h s  o f  t h e  i n d i v i d u a l  u l t r a s o n i c  waves; To m a i n t a i n  c u r r e n t  c o n t i n u i t y ,  

a d d i t i o n a l  e l e c t r i c - f i e l d - d r i v e n  current m u s t  f l ow i n  t h e  fo rward  d i r e c t i o n  

t o  c a n c e l  o u t  t h e  v a r i a t i o n s  i n  backward-flowing a c o u s t o e l e c t r i c  c u r r e n t .  Cur-  

r e n t  u n i f o r m i t y  i s  a c h i e v e d  by bunching c h a r g e  i n  t h e  r e g i o n s  o f  maximum 

a c o u s t i c  e n e r g y  g r a d i e n t s .  

t o  the  l o c a l  f i e l d  so a s  t o  m a i n t a i n  currgnt ,  c o n t i n u i t y .  

The e l ec t ros t a t i c  f i e l d s  o f  the  bunched c h a r g e  add 

Us ing  P o i s s o n f s  e q u a t i o n  and the c o n t i n u i t y  e q u a t i o n ,  i t  h a s  been  

shown by C a r l e t o n 3  t h a t  t h e  l o c a l  e l e c t r i c  f i e l d  i s :  

(3.1) 

a e  where Eo i s  t h e  e x t e r n a l  qRpJfad f i e l d ,  CJ t h e  c o n d u c t i v i t y ,  J 
Be a c o u s t o e l e c t r i c  c u r r e n t ,  snd j 

f l u c t u a t i o n s  i n  s o n i c  i q t e p s i t y .  

l o c a l  g a i n  of  a sound wave because  t h e  gain  i s  a f u n c t i o n  o f  pE. The 

t h e  uniform 
0 

( X I  t h e  l o c a l  current which is c a u s e d  by lortal 

T h i s  e l e c t r i c  f i e l d  f l u c t u a t i o n  a l t e r s  the 
I 
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I 

FIG. 1 ( a )  The l a r g e - a m p l i t u d e  s i n e  wave ( s o l i d  l i n e )  w i t h  wavelength  
w r e p r e s e n t s  t h e  e l ec t r i c  p o t e n t i a l  a s s o c i a t e d  w i t h  a c o h e r e n t  
sound wave i n  p i e z o e l e c t r i c  m a t e r i a l .  The a c c u m u l a t i o n  o f  elec- 
t r o n s  i n  r e g i o n s  o f  p o s i t i v e  p o t e n t i a l  r e d u c e s  t h e  p o t e n t i a l .  
The sound wave, w i t h  accumula ted  c h a r g e ,  i s  r e p r e s e n t e d  b y  t h e  
b r o k e n - l i n e  s i n e  wave. The l a r g e s t  amount o f  c h a r g e  accumula- 
t i o n  which c a n  o c c u r  would c o m p l e t e l y  c o u n t e r b a l a n c e  t h e  p i e z o -  
e l ec t r i c  p o t e n t i a l ,  i n  which case no f u r t h e r  e l e c t r o n  a t t r a c -  
t i o n  o c c u r s .  

( b )  The broken  l i n e  r e p r e s e n t s  t h e  e n v e l o p e  o f  a f l u c t u a t i o n  i n  
a m p l i t u d e  and d e n s i t y  o f  p i z e o e l e c t r i c  waves.  T h e r e  i s  no c o h e r -  
e n t  e l ec t r i c  p o t e n t i a l  a s s o c i a t e d  w i t h  t h i s  e n v e l o p e .  The l o c a l  
e l ec t r i c  p o t e n t i a l s  are a s s o c i a t e d  w i t h  t h e  s h o r t - w a v e l e n g t h  sound 
w<<W waves and a re  r e p r e s e n t e d  b y  t h e  j a g g e d  l i n e s  c o n t a i n e d  
w i t h i n  t h e  d e n s i t y  f l u c t u a t i o n .  The i n d i v i d u a l  e l e c t r o n s  i n t e r -  
act  w i t h  t h e  p o t e n t i a l s  o f  i n d i v i d u a l  sound waves g i v i n g  r i se  t o  
a v a r y i n g  a c o u s t o e l e c t r i c  e f f e c t .  T h i s  c a u s e s  a bunching  c h a r g e  
which i s  n e c e s s a r y  t o  m a i n t a i n  c u r r e n t  c o n t i n u i t y .  

( c )  The c h a r g e  a c c u m u l a t i o n  caused by t h e  s o n i c  wave diagrammed 
i n  ( b )  i s  t h e  d o u b l y  broken  l i n e .  The a r r o w s  r e p r e s e n t  t h e  f i e l d s  
due t o  t h e  c h a r g e  bunching .  The f i e l d  i s  l a r g e s t  i n  t h e  r e g i o n  of  
l a r g e r  s o n i c  e n e r g y  d e n s i t y .  This  i n  t u r n  c a u s e s  t h e  g a i n  t o  be 
g r e a t e s t  i n  t h o s e  r e g i o n s  which a m p l i f y  t h e  i n i t i a l  d i s t r i b u t i o n  o f  
s o n i c  e n e r g y .  



simplest case t o  d iscuss  i s  t h a t  f o r  which s l i g h t  increases  i n  t he  ex terna l  

a c c e l e r a t i n g  f i e l d  i n c r e a s e  the  gain l i n e a r l y  ( i . e . ,  pEo M v s ) .  The gain i s  

then g r e a t e s t  i n  a region where the  f l u c t u a t i o n  i n  t he  a c o u s t o e l e c t r i c  f i e l d  

adds t o  t h e  dc f i e l d .  

Consider the r e s u l t  of t h i s  a c o u s t o e l e c t r i c  e f f e c t  on an ind iv idua l  

sound wave en ter ing  a region of somewhat h igher  acous t ic  energy densi ty .  

sound wave experiences an inc rease  i n  g a i n  over t h a t  which would  have occurred 

had the  d e n s i t y  f l u c t u a t i o n  not been present .  

increment i n  acous t ic  densi ty  causes a p o s i t i v e  increment in gain.  Since more 

sonic energy i s  generated where l a r g e r  energy d e n s i t i e s  a l ready e x i s t ,  t h e  

o v e r a l l  e f f e c t  i s  t o  give r i s e  t o  an apparent a t t r a c t i v e  f o r c e  between acous t ic  

elements. T h i s  a c o u s t o e l e c t r i c  i n t e r a c t i o n  i s  e s t a b l i s h e d  i n  t imes of the  

o rde r  of an e l e c t r o n  c o l l i s i o n  time and can t h e r e f o r e  be taken t o  be an i n -  

s tantaneous and l o c a l  i n t e r a c t i o n  f o r  f requencies  and wavelengths comparable 

t o  u l t r a s o n i c  sound waves. 

The 

The presence of a p o s i t i v e  

The Boltzmann equation f o r  the energy dens i ty  Sk f o r  a given sonic  

wave w i t h  wavevector k can be written as  

a 
(3.2) - s a t  k k f c 'VSk = UkSk 

where Ck i s  t h e  v e l o c i t y  and ak i s  t h e  gain of wave k. 

k i s  r e s t r i c t e d  t o  such values  t h a t  the c l a s s i c a l  a n a l y s i s  of White, o r  

Spector ,  

p a t h ) .  The i n t e r a c t i o n  of t h e s e  sound waves w i t h  e l e c t r o n s  can then be 

t r e a t e d  a s  a very  smooth i n t e r a c t i o n  over many e lec t ron  f r e e  paths .  

We s h a l l  assume t h a t  
1 

4 a r e  appropr i a t e  ( i . e . ,  k A << 1, where A i s  the  e l e c t r o n  mean f r e e  

We now assume the  ex is tence  o f  some zero order  d i s t r i b u t i o n  of  

a c o u s t i c  energy densi ty  which i s  s t a t i o n a r y  i n  time b u t  may show convective 
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1 

I 

growth;  t h a t  i s ,  unde r  a c o u s t i c  gain,  the anode  end o f  t h e  c r y s t a l  w i l l  have  
I 

I a l a r g e r  a c o u s t i c  e n e r g y  d e n s i t y  t h a n  the c a t h o d e .  

may w r i t  e 

In t h i s  a p p r o x i m a t i o n ,  we 

t 
(3 .3 )  

I 
I The z e r o  o r d e r  s o l u t i o n  f o r  E q .  ( 3 .2 )  i s  a d i f f i c u l t  n o n l i n e a r  
t 

problem.  F o r  a d i s c u s s i o n ,  see C a r l e t o n  e t  ~ 1 . ~  We w i l l  assume t h a t  a l l  t h e  

I f l u c t u a t i o n s  i n  time a r e  s m a l l ,  i .e . ,  

l i n e a r i z e d  i n  Si t o  g i v e  

<< Si and t h a t  Eq. ( 3 . 2 )  may be 
, 
1 

4 so + a;s; b 
= c y k  k at s; + Ck vs; ( 3 . 4 )  

I where cy’ i s  t h e  a l t e r a t i o n  i n  g a i n  which may accompany any v a r i a t i o n  i n  S i .  k 

The v a r i a t i o n  i n  ak as a f u n c t i o n  o f  e l e c t r o n  d r i f t  v e l o c i t y  f o r  

low f r e q u e n c y  sound waves h a s  been d e r i v e d  by W h i t e  and S p e c t o r .  To 

s i m p l i f y  o u r  problem,  we w i l l  assume t h a t  E 

of CY on v i s  a good a p p r o x i m a t i o n  f o r  small enough v l ,  where v 1 1 

i s  such t h a t  a l i n e a r  dependence  
0 

i s  t h e  v a r i a -  

t i o n  i n  t h e  d r i f t  v e l o c i t y  vd. 

assume, w i t h i n  the  c l a s s i c a l  c o n t e x t  of t h i s  d i s c u s s i o n ,  t h a t  a l l  n o n l i n e a r i t i e s  

be tween v 

b u i l d - u p  o f  a c o u s t o e l e c t r i c  f i e l d  Eae, i .e.,  p i s  c o n s t a n t .  

m a t i o n ,  o n e  can  write 

T h i s  i s  t h e  c a s e  f o r  vd a . We w i l l  a l s o  ‘k 

and Eo, t h e  e x t e r n a l l y  a p p l i e d  a c c e l e r a t i n g  f i e l d ,  are  due  t o  a 
d 

I n  t h i s  a p p r o x i -  

I 

Eae CYk = cy 
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The a c o u s t o e l e c t r i c  c u r r e n t  can  b e  w r i t t e n  i n  terms o f  cy and S and i s  

- - 2- z. QkSk J a e  - e n c  k 
( 3 . 6 )  

where n i s  t h e  d c  e l e c t r o n  d e n s i t y  and c i s  t h e  v e l o c i t y  o f  sound. 

The r e s u l t i n g  l o c a l  f i e l d  v a r i a t i o n  i s  

I 
(3 .7)  

(3.8) 

E q u a t i o n  (3.4) t h e n  becomes 

a" so 
c cyo S I  

enc - c ai S; 
k 

k k k  

One c a n  d e r i v e  an e q u a t i o n  f o r  a c o l l e c t i v e  c o o r d i n a t e  C cy;Si by m u l t i p l y i n g  

Eq. (3.9) by cyk and summing. We assume p l a n e  wave s o l u t i o n s  f o r  t h e  d e n s i t y  

f l u c t u a t i o n ,  i .e., 

k 
0 

i ( Q x 4 t )  ef3x - $ e  - Q 
(3.10) 
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I The d i s p e r s i o n  r e l a t i o n  f o r  t h e  c o l l e c t i v e  c o o r d i n a t e  t h e n  becomes. 

where p’ = C;P and k m i q ,  b o t h  dummy i n d i c e s ,  h a v e  been r e p l a c e d  by k .  

s e p a r a t i n g  rea l  and i m a g i n a r y  p a r t s  

Upon 

and 

(3.12) 

I n  the l i m i t  o f  ve ry  l a r g e  g a i n  by i n d i v i d u a l  sound waves,  i , e , ,  

(3.14) 

e q u a t i o n  (3 .12)  g i v e s  t h e  l i n e a r  d i s p e r s i o n  r e l a t i o n  

(3.15) Q 

ai s: ck cosek (’ (@‘ - a !ky  0 

n =  

w h e r e  Bk i s  t h e  d i r e c t i o n  sound wave k makes w i t h  t h e  c o l l e c t i v e  wavevec to r  Q. 

The c o l l e c t i v e  wave v e l o c i t y  i s  some we igh ted  a v e r a g e  o f  t h e  s i n g l e  sound 



wave v e l o c i t i e s ,  Ck. I n  t h e  same l i m i t ,  Eq. (3.13) g ives  

(3.16) 

w o  
The term nencn i s  approximately t h e  dc c u r r e n t ,  m s  C akSk i s  t h e  l o c a l  

cu r ren t ,  which i s  the  same s i z e  a s  t h e  a c o u s t o e l e c t r i c  cu r ren t .  We there-  
k 

f o r e  assume 

;s;: enc > C cy 
k 

which impl ies  

p ’  > cy; 

Equation (3.15) t h e n  becomes 

and Eq. (3.16) becomes 

cy. 
I n  CdS t h e  r a t i o  of , w..ere 

‘k 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

i s  t h e  wavelength , is o f  t h e  k 

o r d e r  of one per cent f o r  u l t r a s o n i c  f requencies .  

would  t h e n  be v a l i d  f o r  c o l l e c t i v e  wave f requencies  

The approximation (3.14) 

n c lo-a Wk 

where uk i s  t h e  frequency of t h e  p a r t i c i p a t i n g  u l t r a s o n i c  waves, 

(3.21) 
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A rough approx ima t ion  t o  t h e  d i s p e r s i o n  r e l a t i o n  when c o n d i t i o n  

(3.14) does  n o t  h o l d  can  b e  found by an a p p r o x i m a t i o n  o f  t h e  p r o d u c t  

CYM so CYo . k k k  

The dc  g a i n  CY: i s  p o s i t i v e  on ly  w i t h i n  a cone  such  t h a t  t h e  

component o f  e l e c t r o n  d r i f t  v e l o c i t y  a long  a sound wavevec to r  i s  g r e a t e r  

t h a n  Ck. 
0 where CY: > 0 and v e r y  s m a l l  f o r  ak 

b u t i o n  t o  t h e  p r o d u c t  CY; S: CY: t o  o c c u r  w i t h i n  the g a i n  cone  and o n l y  a 

sma l l  c o n t r i b u t i o n  from o u t s i d e .  We approx ima te  t h i s  by s e t t i n g  

S i m i l a r l y ,  o n e  e x p e c t s  t h e  dc s o n i c  e n e r g y  d e n s i t y  So t O  b e  large k 

0. We t h e n  e x p e c t  t h e  ma jo r  c o n t r i -  

A f o r  ek a 
CY; sk" cy; z (3.22) 

Changing t h e  sum i n  Eq. (2 .12)  t o  an i n t e g r a l  and c o n c e n t r a t i n g  o n l y  on  t h e  

a n g u l a r  i n t e g r a t i o n ,  o n e  gets  

(3 .23)  

where  p = cosQk ,  p0 = C O S ~ ,  and 0 0  = (CY;), where ( ) s i g n i f i e s  some a v e r a g e  

v a l u e .  E q u a t i o n  (3 .23)  becomes 

cyoo - Ci3 43(1 - u) (CYoo - C0) 
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I n  t h e  l i m i t  Cg - CY 00 << CQ, the  r i g h t - h a n d  s i d e  o f  Eq. (3 .24)  i s  o f  the o r d e r  

, The l e f t - h a n d  s i d e  t h e n  g i v e s  

I 

which i s  r o u g h l y  t h e  same ave raged  v e l o c i t y  t o  f i r s t  o r d e r  a s  EQ. (3.19). 

A s i m i l a r  approx ima t ion  t o  t h e  i n t e g r a l  can be  made i n  Eq. (3.13) and, w i t h  

t h e  s u b s t i t u t i o n  o f  Eq. (3 .251 ,  i t  becomes 

1 0 e7 (1 - p 1 (Cop - C Y o o )  
tan-' r 

(3 .26 )  

o r  

(3 .27)  
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IV. THE EFFECT OF NONLINEAR MIXING 

I n  t h e  p r e v i o u s  s e c t i o n ,  we have i g n o r e d  t h e  e x i s t e n c e  o f  t h e  non- 

l i n e a r  mix ing  c u r r e n t s .  

f r e q u e n c i e s  o f  t h e  sound waves  i n c r e a s e .  To h e l p  i n  u n d e r s t a n d i n g  t h e  r o l e  

o f  t h e s e  n o n l i n e a r  c u r r e n t s ,  i t  i s  best t o  t h i n k  o f  t h e  sound wave spec t rum 

as b e i n g  made o f  t h r e e  r e g i o n s  a s  shown i n  F i g .  2 .  

T h i s  approximat ion  becomes p a r t i c u l a r l y  p o o r  a s  t h e  

I n  t h e  l o w e s t  f r e q u e n c y  range ,  w i t h  wavevec to r  k such  t h a t  

0 < k < k l ,  a r e  t h e  s o n i c  and  u l t r a s o n i c  f r e q u e n c i e s  which  have  l a r g e  co- 

I h e r e n t  g a i n  u n d e r  a m p l i f y i n g  c o n d i t i o n s .  Al though t h e s e  low f r e q u e n c y  sound 

waves a r e  c o u p l e d  t o  o t h e r  sound waves so a s  t o  g e n e r a t e  ha rmon ics ,  e tc . ,  

t h e i r  a m p l i t u d e  h a s  n e t  g rowth  w i t h  t ime. A t  t h e  o t h e r  extreme, t h e  h i g h e s t  

f r e q u e n c y  r a n g e , c o n s i s t i n g  o f  t f therrnal  phononsn w i t h  k > k2, i s  o n l y  s l i g h t l y  

The r e a s o n  f o r  t h i s  i s  t h a t  

sound waves  a t  t h e s e  h i g h  f r e q u e n c i e s  a r e  domina ted  by n o n l i n e a r  i n t e r a c t i o n s  

( p i e z o e l e c t r i c  and o t h e r )  which  c o u p l e  these modes t o  t h e  c r y s t a l  t h e r m a l  

r e s e r v o i r .  Pumping e n e r g y  i n t o  t h e s e  sound modes m e r e l y  c a u s e s  a s l i g h t  i n -  

crease i n  t h e  ambient  t e m p e r a t u r e  o f  t h e  c r y s t a l .  

I 

I a f f e c t e d  by t h e  c r y s t a l  b e i n g  i n  g a i n  c o n d i t i o n .  

The i n t e r m e d i a t e  f r e q u e n c i e s  kl < k < k2,  which f o r  conven ience  

we w i l l  c a l l  t h e  h y p e r s o n i c  r e g i o n ,  are  t h o s e  i n  which  n o n l i n e a r  mix ing  and 

c o h e r e n t  g a i n  compete  and  one  canno t  i g n o r e  t h e  r o l e  o f  mix ing  terms. The  

f o r m u l a  f o r  n o n l i n e a r  m i x i n g  between p i e z o e l e c t r i c  waves h a s  been  d e r i v e d  by 

s e v e r a l  a u t h o r s ,  5 r 6  The m i x i n g  i s  found t o  be much s t r o n g e r 6  t h a n  t h e  non- 

l i n e a r i t i e s  a s s o c i a t e d  w i t h  c r y s t a l  a n h a r m o n i c i t i e s .  I n  t h e  h y p e r s o n i c  f re-  

quency  r a n g e ,  t h e  dominant  n o n l i n e a r  term i s  t h a t  o f  t h e  n o n l i n e a r  c u r r e n t s .  

T h i s  c o u p l e s  p i e z o e l e c t r i c  h y p e r s o n i c  waves among t h e m s e l v e s  more s t r o n g l y  

t h a n  t o  o t h e r  modes o f  t h e  sys tem.  The c o u p l i n g  t o  p i e z o e l e c t r i c  sound waves 

o f  t h e r m a l  f r e q u e n c i e s  i s  n o t  s t r o n g  because  t h e  bunch ing  o f  c h a r g e  r e q u i r e d  

for t h e s e  short. wave ieny ih  tiurreiiis i s  oppo~eei: by d i f f u s i ~ : :  e f f ec t s .  
- 13 - 
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FIG. 2 A c o n v e n i e n t  breakdown o f  he  t o  
i n t o  u l t r a s o n i c ,  h y p e r s o n i c ,  and 

a1 p i e z o e l e c t r i c  sound wave spec t rum 
thermal  r e g i o n s .  The u l t r a s o n i c  waves 

w i t h  wavevec tor  k < k, have l a r g e  c o h e r e n t  g a i n .  The h y p e r s o n i c  
r e g i o n  k, < k < k, h a s  l o s s e s  comparable  t o  t h e  c o h e r e n t  g a i n .  The 
t h e r m a l  r e g i o n  k > k, h a s  n e t  l o s s .  The a n g u l a r  cone  abou t  t h e  
d i r e c t i o n  o f  e l e c t r o n  d r i f t  k, i s  t h e  l i m i t  o f  the g a i n  cone .  



I The n o n l i n e a r  i n t e r a c t i o n  t e n d s  t o  b r i n g  amy g i v e n  sound mode i n t o  
I 
I 

I e q u i l i b r i u m  w i t h  t h o s e  c o u p l e d  t o  i t .  By c o n t r a s t ,  t h e  c o h e r e n t  a m p l i f i c a -  
1 

t i o n  t ends  t o  i n c r e a s e  t h e  ene rgy  of a mode and t o  t a k e  i t  f u r t h e r  o u t  o f  

e q u i l i b r i u m .  

( k l  < k < k 2 )  a s  t h a t  r e g i o n  i n  which the n o n l i n e a r  mixing  i s  j u s t  dominant 

o v e r  t h e  c o h e r e n t  n e t  g a i n ,  Such sound waves are  t h e n  damped t o  a l e v e l  a t  

which t h e y  a r e  e q u i l i b r a t e d  w i t h  t h e  o t h e r  h y p e r s o n i c  modes. 

F o r  o u r  p u r p o s e s ,  we s h a l l  d e f i n e  t h e  h y p e r s o n i c  r e g i o n  

However, t h e  

sum o f  a l l  such  modes i s  unde rgo ing  n e t  g a i n  from t h e  d r i f t i n g  e l e c t r o n s .  

Such a band of sound waves c a n  no l o n g e r  b e  t r e a t e d  by Eq.  (3 .2)  where  each  

I 

, 
I 

mode k i s  well  d e f i n e d  and i d e n t i f i a b l e  o v e r  times o f  t h e  p e r i o d  of  the  c o l -  

l e c t i v e  wave. When t h e  mix ing  i s  s t r o n g  enough, the modes exchange  e n e r g y  

I r a p i d l y  and one  can  best d e s c r i b e  t h e  sys tem a s  a f l u i d .  

1 Those  modes i n  t h e  g a i n  cone  o f  F i g .  2 (where  vc cose > vs )  a r e  

In t h e  h y p e r s o n i c  r e g i o n ,  energy  i s  pumped i n t o  t h o s e  modes in a m p l i f i e d .  

t h e  g a i n  c o n e ,  b u t  i s  r a p i d l y  d i s t r i b u t e d  o v e r  a l l  t h e  modes which a r e  

c o u p l e d  v i a  t h e  n o n l i n e a r  i n t e r a c t i o n .  

t h e  e n t i r e  s h e l l ,  t h e n  one  can  d e s c r i b e  t h e s e m o d e s  as  a f l u i d  which i s  g a i n -  

i n g  i n  t o t a l  ene rgy  and n e t  s o n i c  momentum. 

I 

If t h e  n e t  g a i n  e x c e e d s  the  l o s s  f o r  

I 

V, THE SECOND SOUND WAVE 

C o l l e c t i v e  waves do e x i s t  i n  t h e  f a s t  mix ing  l irnit ; , i-e. ,  t h e  time, 

T 

i s  s h o r t  compared t o  p e r i o d s  o f  i n t e r e s t  (&, < 1). 

i s  t h a t  o f  sound waves in p a r t i c l e  g a s e s .  One does  no t  use d i r e c t l y  t h e  

e q u a t i o n s  o f  mot ion  o f  i n d i v i d u a l  m o l e c u l e s ,  a n a l o g o u s  t o  Eq. (3.21, b u t  

r a t h e r  o n e  uses hydrodynamic v a r i a b l e s  such a s  p r e s s u r e ,  d r i f t  v e l o c i t y ,  

d e n s i t y ,  e t e .  The p r o p a g a t i o n  o f  a compress iona l  wave l i k e  a sound wave i n  

n e e d e d  f o r  a s i n g l e  p a r t i c l e  t o  lose e-l of i t s  ene rgy  t o  o t h e r  p a r t i c l e s  m' 

The most famil iar  example 
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l a p a r t i c l e  g a s  h a s  been examined fo r  a f l u i d  o f  h y p e r s o n i c  phonons.  

ana logy  w i t h  a sound wave h o l d s  v e r y  well  g i v i n g  r ise  t o  t h e  name *second 

soundn f o r  t h e  phenomenon. 

The 

I 

When t h e  d e n s i t y  o f  s o n i c  energy  i s  h i g h e r  i n  o n e  r e g i o n  t h a n  i n  

a n o t h e r ,  t h e  s o n i c  r a d i a t i o n  p r e s s u r e  i s  a l s o  h i g h e r .  S o n i c  e n e r g y  w i l l  t h e n  

t e n d  t o  f l o w  down t h e  r a d i a t i o n  p r e s s u r e  g r a d i e n t .  

p r e s s i o n a l  wave i n  such a s i t u a t i o n  would b e  g i v e n  by 

I 

The v e l o c i t y  o f  a com- 

where p i s  t h e  r a d i a t i o n  p r e s s u r e  and p i s  t h e  e f f e c t i v e  mass o f  t h e  sound 

waves. I f  t h e  p a r t i c l e s  a r e  sound waves,  t h e y  a l l  have  t h e  same v e l o c i t y  c 

and 

a a 
p = pc cOsaO = *pc 

where  c o s 0  i s  t h e  a n g l e  a h y p e r s o n i c  wave makes w i t h  normal  t o  t h e  s u r f a c e  

o v e r  which  t h e  p r e s s u r e  i s  t a k e n .  

s o n i c  waves are u n i f o r m l y  d i s t r i b u t e d  o v e r  a l l  a n g l e s .  T h i s  d i s t r i b u t i o n  

r e s u l t s  from t h e  mixing  i n t e r a c t i o n s  which t e n d  t o  r e t u r n  t h e  h y p e r s o n i c  

The a v e r a g e  o f  cosaO i s  Q when t h e  hyper -  

f l u i d  t o  a t h e r m a l  d i s t r i b u t i o n .  T h e r e f o r e  

v - ; c  - -  

The hydrodynamic, o r  r a t h e r  thermodynamic,  wave d e s c r i b e d  h e r e  i s  

d i f f e r e n t  from t h e  dynamic waves d e s c r i b e d  i n  Sec. 3 .  

e l e c t r i c  effect  w i l l  s t i l l  be  p r e s e n t .  F l u c t u a t i o n s  i n  h y p e r s o n i c  d e n s i t y  

w i l l  c a u s e  v a r i a t i o n s  i n  t h e  a c o u s t o e l e c t r i c  f i e l d .  The m a j o r  o b s e r v a b l e  

d i f f e r e n c e  between t h e  two limits o f  c o l l e c t i v e  waves i s  i n  t h e  v e l o c i t y  o f  

p r o p a g a t i o n .  

However, t h e  a c o u s t o -  

F o r  a more thorough and r i g o r o u s  d e s c r i p t i o n  o f  t h i s  t y p e  

- 15 - 



of  c o l l e c t i v e  wave t h e  r e a d e r  i s  r e f e r r e d  t o  t h e  l i t e r a t u r e  on second sound 

7 i n  s o l i d s .  

VI. THE MEAN FREE PATH FOR M I X I N G  C O L L I S I O N S  

Second harmonic  g e n e r a t i o n ,  a s p e c i a l  case of t h e  n o n l i n e a r  i n t e r -  

a c t i o n ,  h a s  been  i n v e s t i g a t e d  by s e v e r a l  a u t h o r s .  5 t 6  The f o l l o w i n g  e q u a t i o n  

h a s  been d e r i v e d  by Kroger  

r W '  

L J 

a 
PW 

U + i  k+E)] 

where paw i s  p r o p o r t i o n a l  t o  t h e  a m p l i t u d e  o f  t h e  second  harmonic ,  

(6.1) 

(6.2) 

where  e 

c o n d u c t i v i t y ,  p t h e  m o b i l i t y ,  D 

p r o p o r t i o n a l  t o  the a m p l i t u d e  o f  t h e  i n i t i a l  wave. 

i s  t h e  p i e z o e l e c t r i c  c o n s t a n t ,  c o  t h e  d i e l e c t r i c  c o n s t a n t ?  o i s  t h e  
P 

t h e  e l e c t r o n  d i f f u s i o n  c o n s t a n t ,  and p, i s  n 

To s i m p l i f y  g r e a t l y  t h e  f o l l o w i n g  a n a l y s i s ,  we w i l l  s u p p r e s s  t h e  

f r e q u e n c y  dependence  o f  t h e  i n t e r a c t i o n  by assuming w M w c  M w . 
a s s u m p t i o n  i s  no t  u n r e a s o n a b l e  and can be  s a t i s f i e d  i n  p h o t o c o n d u c t i n g  CdS 

f o r  w a 10 c p s .  

T h i s  
0 

10 
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T h i s  e q u a t i o n  can  t h e n  e a s i l y  be  g e n e r a l i z e d  t o  t h e  n o n l i n e a r  

i n t e r a c t i o n  o f  t h r e e  sound waves as  l o n g  a s  a l l  t h r e e  f r e q u e n c i e s  a r e  r o u g h l y  

i 
I e q u a l  E q u a t i o n  (6.1) becomes 
1 

(6.3) 

I 

where w2 + w3 = W1' The waves w2 and w3 a r e  b e i n g  damped by t r a n s f e r r i n g  

e n e r g y  t o  w The mean f ree  p a t h  f o r  energy  t r a n s f e r  between t h r e e  sound 

modes, assuming p r s  g i v e n  by t h e r m a l  ampl i tude  a t  room t e m p e r a t u r e  f o r  rea- 

s o n a b l e  v a l u e s  i n  p h o t o c o n d u c t i n g  CdS, i s  

I 

I 
1' 

I 

7 
A FJ 10 cm . 

The a c t u a l  mean f ree  p a t h  i s  g i v e n  a p p r o x i m a t e l y  by summing t h e  i n t e r a c t i o n  

w i t h  a g i v e n  p a i r  o f  waves o v e r  a l l  t h e  p a i r s  c a p a b l e  o f  i n t e r a c t i n g .  

The i m p o r t a n c e  of c o n s i d e r i n g  t h e  h y p e r s o n i c  r e g i o n  s e p a r a t e l y  

a r i s e s  b e c a u s e  of t h e  p o s s i b i l i t y  of a b o o t s t r a p  mechanism d e t e r m i n i n g  t h e  

l i fe t ime or mean f ree  p a t h  of  t h e s e  sound waves.  

n o n l i n e a r  i n t e r a c t i o n  i s  much s t r o n g e r  t h a n  t h e  u s u a l  c r y s t a l  anharmonic 

i n t e r a c t i o n s .  

mechanism f o r  d e t e r m i n i n g  t h e  l i f e t i m e  o f  t h e  h y p e r s o n i c  waves.  

mechanism i s  dominant ,  we c a n  res t r ic t  t h e  modes w i t h  which we a r e  c o n c e r n e d  

t o  o n l y  t h o s e  p i e z o a c t i v e  modes up t o  w a v e v e c t o r  k2 which a r e  s t r o n g l y  c o u p l e d  

by  t h e  n o n l i n e a r  currents ,  

The piezoelectr ic-electronic  

T h i s  makes i t  p o s s i b l e  f o r  t h i s  i n t e r a c t i o n  t o  be t h e  dominant 

Because t h i s  

Sound waves w i t h  l o n g  mean free p a t h s  and t h o s e  b e i n g  a m p l i f i e d  

t e n d  t o  i n t e r a c t  o n l y  w i t h  c o l l i n e a r  modes. 

of  e n e r g y  i n  such  an i n t e r a c t i o n  depends on t h e  r e l a t i v e  p h a s e  o f  t h e  

A s  shown by E q .  (6.11, t h e  f l o w  
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p a r t i c i p a t i n g  waves.  

a l t e r n a t e s  because  t h e  wave f r o n t s  do not keep  p a c e .  

f l ow o f  e n e r g y  t o  c a n c e l ,  g i v i n g  r i s e  t o  f r e q u e n c y  and wavevec to r  conse rva -  

t i o n  laws .  Sound waves w i t h  s h o r t  mean free p a t h s  and  s h o r t  l i fe t imes,  how- 

e v e r ,  can i n t e r a c t  w i t h  a w i d e r  g roup  of  waves a s  comple t e  c a n c e l l a t i o n  

does  no t  o c c u r  d u r i n g  t h e  s h o r t  times o f  t h e  i n t e r a c t i o n ,  a s  p o i n t e d  o u t  by 

Nava e t  a1,8 and C i c c a r e l l o  and D r a n ~ f e l d . ~  

( a )  The l ifetime o f  t h e  waves depends  s t r o n g l y  on t h e  number of  h y p e r s o n i c  

waves w h i c h  can c a u s e  damping v i a  the p i e z o e l e c t r i c  anharmonic terms, and 

( b )  The number o f  modes c a p a b l e  o f  i n t e r a c t i o n  by t h e  p i e z o e l e c t r i c  anhar -  

m o n i c i t y  depends  s t r o n g l y  on t h e  l i fe t ime.  The a n g l e  t h a t  w a v e v e c t o r s  can 

make w i t h  one  a n o t h e r  and s t i l l  i n t e r a c t  due  t o  f i n i t e  mean free p a t h s  i s  

i l l u s t r a t e d  i n  F i g .  3 .  

When t h e  waves are no t  c o l l i n e a r ,  t h e  r e l a t i v e  p h a s e  

T h i s  c a u s e s  t h e  n e t  

The s i t u a t i o n  t h e n  i s :  

To a v o i d  c a n c e l l a t i o n  of ene rgy  t r a n s f e r ,  t h e  w a v e v e c t o r s  must  

add up t o  a c l o s e d  t r i a n g l e ;  o t h e r w i s e ,  a b e a t  v e c t o r  f s  i n t r o d u c e d .  However, 

f o r  f i n i t e  mean free p a t h s ,  t h e  wavevec to r s  can miss add ing  t o  z e r o  p r o v i d e d  

t h e  r e s u l t a n t  v e c t o r  P i s  such  t h a t  

A L  < 1 

where  L i s  t h e  mean free p a t h  o v e r  which t h e  i n t e r a c t i o n  t a k e s  p l a c e .  Assum- 

i n g  t h a t  P i s  s p e c i f i e d  by h a v i n g  components a l o n g  v e c t o r s  b and c i n  F i g .  4, 

and a s suming  approx ima te  c o n s e r v a t i o n  o f  e n e r g y  

a 
aa + ba = c 9 
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L 

-r 
FIG. 3 One o f  t h e  a r r o w s  r e p r e s e n t s  a p i e z o e l e c t r i c  sound wave w i t h  wave- 

l e n g t h  h . 
g e n e r a t e d  b y  two o t h e r  sound waves and h a s  r o u g h l y  t h e  same f r e -  
quency as  t h e  i n i t i a l  wave. The d i s t a n c e  L i s  t h e  mean f r e e  
p a t h  f o r  a l l  sound waves i n  q u e s t i o n .  I t  can  b e  s e e n  t h a t  t h e  
c u r r e n t  and f i e l d  a f t e r  b o t h  wave and c u r r e n t  have t r a v e l e d  a d i s -  
t a n c e  L do n o t  have t h e i r  phase  f r o n t s  dephased  b y  more t h a n  
h / 2  , and t h a t  t h e  d i r e c t i o n  o f  the f l o w  o f  e n e r g y  w i l l  n o t  neces- 
s a r i l y  have  c a n c e l l e d  o u t  due t o  dephas ing .  

The o t h e r  a r r o w  r e p r e s e n t s  a n o n l i n e a r  m i x i n g  c u r r e n t  



a 
FIG. 4 A p o s s i b l e  way f o r  e n e r g y  t o  be  t r a n s f e r r e d  from a sound wave w i t h  

wavevec tor  a t o  sound waves b and 5 The d i f f e r e n c e  o f  
N b - c  need n z t  e q u a l  a e x a c t l y  a s  some u n c e r t a i n t y  i n  t h e  con- 
s e r y a t i o n  o f  wavevecto? a r i s e s  due t o  f i n i t e  mean f r e e  p a t h s  ( s e e  
F i g .  3 ) .  I f  A , t h e  u n c e r t a i n t y ,  i s  chosen a s  l a r g e  a s  p o s s i b l e  
and i s  o r i e n t e d  p r o p e r l y ,  an ang le  8 i s  d e f i n e d  such t h a t  9 i s  
t h e  l a r g e s t  p o s s i b l e  d e p a r t u r e  o f  from b e i n g  c o l i n e a r  w i t h  a 
Then, e v e r y  wavevector  c o n t a i n e d  i n  t h e  cone g e n e r a t e d  by 9 c a y  
c o n t r i b u t e  t o  a three sound wave i n t e r a c t i o n  which can c o n t r i b u t e  
t o  t h e  damping o f  wave 2 . 



and t h a t  hb  hc  and a - b - c . 

i 

A 1 - -  L 
A 

A 1 - -  a 
a -  A m  l + c  1 + ,  

co "max ( 6 . 6 )  

where h i s  t h e  wave leng ths  i n v o l v e d .  

The a n g l e  emax d e f i n e s  a cone  about  a g i v e n  wave a ,  Eve ry  s o n i c  

mode w i t h  wavevec to r  w i t h i n  t h i s  cone r e p r e s e n t s  a t h r e e  wave i n t e r a c t i o n  

p o s s i b l e  f o r  s o n i c  wave a.  A l l  can  c o n t r i b u t e  t o  damping o f  wave "a*. 

An e s t i m a t e  o f  t h e  mean free p a t h  L can  be d e t e r m i n e d  self-  

c o n s i s t e n t l y  u s i n g  

dx n 
a N ( Q m a x )  = - N 4 r r  

dx dx 
L - a  
- - -  (6 .7 )  

dx where 

f i n i t e s i m a l  d i s t a n c e  dx, a i s  t h a t  l o s t  i n  a g i v e n  t h r e e  wave i n t e r a c t i o n ,  

N ( B m a x )  i s  t h e  number o f  waves i n  t h e  cone emax, and n i s  t h e  s o l i d  a n g l e  

s u b t e n d i n g  emax and 

i s  t h e  l o s s  o f  e n e r g y  from a wave d u r i n g  t h e  t r a v e r s a l  o f  the  i n -  
dx  

Combining Eqs. ( 6 . 6 )  - (6 .8) .  we f i n d  

(6.8) 

(6.9) 

The t o t a l  number o f  modes N s h o u l d  be  r e s t r i c t e d  t o  t h o s e  modes 

which are  ve ry  s t r o n g l y  Coupled. T h i s  would be t h e  p i e z o e l e c t r i c a l l y  a c t i v e  

- 19 - 



modes w i t h  wavevectors up t o  k2 i n  Fig.  2 .  

a b i l i t y  t o  bunch c a r r i e r s  a t  sho r t e r  wavelengths, reducing t h e  nonl inear  cur- 

r e n t ,  Therefore,  

C a r r i e r  d i f fus ion  reduces t h e  

where h i s  roughly t h e  same wavelength a s  t h a t  w i t h  which we have been dea l -  

ing  a l l  along. 

a h3 4rr 
4rr 2 - ah” 

L a -  

Assuming t h a t  t h e  upper frequency corresponding t o  k2 i n  CdS i s  u > loe ,  
t he  term ah < 2 and 

2 

viously no 

f r e e  p a t h s  

- w a h ” ,  1 
h 

T h i s  mean f r e e  

longer  holds.  

can be g rea t ly  

f o r  hypersonic  waves w i t h  

(6.11) 

(6.12) 

path i s  so s h o r t  t h a t  t h e  approximation made ob- 

However, t h e  c a l c u l a t i o n  does i n d i c a t e  t h a t  mean 

shortened by t h e  p i e z o e l e c t r i c  nonl inear  i n t e r a c t i o n  

l i t t l e  o r  no net  coherent gain.  For lower f r e -  

quencies ,  Eq. (6.11) appears t o  become i n f i n i t e  o r  negat ive.  T h i s  i s  due t o  

t h e  use o f  a continuous formula f o r  i n  Eq. (6.6) which allows f o r  apparent 

f r a c t i o n a l  mode i n t e r a c t i o n .  

a number of c o l l i n e a r h a r m o n i c  i n t e r a c t i o n s  can occur and 

This i s  a nonphysical r e s u l t  because a t  l e a s t  

L S L .  (6.13) 
L For very shor t  mean f r e e  pa ths ,  h a  1, t h e  proper  desc r ip t ion  of t h e  system 

i s  t h a t  of  a well-mixed gas and t h e  normal modes a r e  t h e  second sound col-  

l e c t i v e  modes. 
- 20 - 



V I  I. CONCLUSION 
I 

The s t r o n g  e l e c t r o n - p i e z o e l e c t r i c  i n t e r a c t i o n ,  which makes 

I a c o u s t i c  a m p l i f i c a t i o n  p o s s i b l e  i n  m a t e r i a l s  such a s  CdS, a l s o  p roduces  non- 

l i n e a r  i n t e r a c t i o n s  between sound waves which  can  c a u s e  c o l l e c t i v e  phenomena. 

I 

The a c o u s t o e l e c t r i c  e f f e c t  i s  an always p r e s e n t  form o f  i n t e r -  

a c t i o n  which c a u s e s  g a i n  t o  be h i g h e s t  i n  r e g i o n s  of  h i g h e s t  a c o u s t i c  d e n s i t y .  

Any i n i t i a l  f l a c t u a t i o n  i n  a c o u s t i c  energy  w i l l  be enhanced by t h i s  v a r i a b l e  

g a i n .  I n  p a r t i c u l a r ,  a s i n u s o i d a l  d i s t r i b u t i o n  of  a c o u s t i c  ene rgy  i n  s p a c e  

w i l l  be  a m p l i f i e d  a s  i t  t r a v e l s  down t h e  c r y s t a l  i n  the  d i r e c t i t a d  o f  t h e  

c u r r e n t .  T h i s  wave may be composed o f  many i n d i v i d u a l  sound f r e q u e n c i e s  and 

does  n o t ,  e x c e p t  unde r  unusua l  c i r c u m s t a n c e s ,  have  a phase  cohe rence  i n  e i t h e r  

t h e  p a r t i c l e  d i s p l a c e m e n t  o r  s t r a i n s .  

e l e c t r i c  f i e l d  which v a r i e s  w i t h  t h e  wavelength  o f  the  c o l l e c t i v e  d i s t u r b a n c e .  

I t  d o e s  however have a c o h e r e n t  a c o u s t o -  

O t h e r  e f f e c t s  of  t h e  p i e z o e l e c t r i c  n o n l i n e a r  i n t e r a c t i o n  can be 

grouped  u n d e r  t h e  h e a d i n g  o f  mixing  i n t e r a c t i o n s .  These i n t e r a c t i o n s  redis- 

t r i b u t e  t h e  energy  among d i f f e r e n t  sound wave modes. 

t h e r m a l i z e  the  a c o u s t i c  e n e r g y  i n  a t ime  o f  t h e  o r d e r  o f  T ,  t h e n  any d e s c r i p -  

t i o n  of t h e  a c o u s t i c  sys tem o v e r  times t >  T m u s t  be i n  terms o f  an a c o u s t i c  

f l u i d ,  a s  a c o u s t i c  e n e r g y  canno t  be a s s i g n e d  t o  a s p e c i f i c  sound wave o v e r  

such times. 

I f  t h e  mixing  c o l l i s i o n s  

When d i s c u s s i n g  ene rgy  t r a n s p o r t  o v e r  times t<- T ,  one can a s s i g n  

e n e r g y  t o  s p e c i f i c  modes and t h e  s o l u t i o n  o f  Sec.  111 i s  p r o p e r .  I n  t h i s  c a s e ,  

t h e  c o l l e c t i v e  waves a r e  c o n v e c t i v e  o r  dynamic waves.  

t o  t h a t  o f  o r d i n a r y  sound,  o n l y  d i f f e r i n g  by t h e  admix tu re  o f  waves o f f  the  

c e n t r a l  a x i s  which m u s t  t r a v e l  a t  some a n g l e  t o  t h e  c o l l e c t i v e  p r o p a g a t i o n .  

T h i s  t y p e  of p r o p a g a t i o n  i s  s i m i l a r  t o  t h e  u s u a l  concept  o f  phonon f lux ;  

The  v e l o c i t y  i s  c l o s e  

- 21 - 



however, t h e  a c o u s t o e l e c t r i c  e f f e c t s  make t h e  f l u x  m u t u a l l y  a t t r a c t i v e .  The 

result o f  the a t t r a c t i o n  i s  t o  t e n d  t o  m a i n t a i n  a d d i t i o n a l  c o h e r e n c e  i n  t h e  

f low.  

For  c o l l e c t i v e  wave leng ths  and p e r i o d  l o n g  compared t o  f ree  p a t h s  

and mix ing  times, a second sound wave i s  t he  s o l u t i o n  and t h i s  t r a v e l s  a t  a 

v e l o c i t y  s l o w e r  t h a n  t h e  v e l o c i t y  o f  sound by a f a c t o r  1/n. The mix ing  

r e l a x a t i o n  r a t e  depends on t h e  i n d i v i d u a l  sound wave f r e q u e n c y ,  b e i n g  f a s t e s t  

f o r  h i g h e r  f r e q u e n c i e s .  Since a wide  range  o f  f r e q u e n c i e s  f rom u l t r a s o n i c  

t h r o u g h  h y p e r s o n i c  are  p i e z o a c t i v e ,  sound waves c a p a b l e  of both t y p e s  o f  

p r o p a g a t i o n  can  b e  p r e s e n t  s i m u l t a n e o u s l y .  

The s o l u t i o n  f o r  t h e  mixing  f r e e  p a t h  was based  on  a v e r y  s i m p l i -  

f i e d  model, and  t h e  sound waves w h i c h  can p a r t i c i p a t e  i n  a second sound wave 

a r e  n o t  c l e a r l y  s p e c i f i e d .  I n  p a r t i c u l a r ,  t h e  c o h e r e n t  g a i n  p r e s e n t  i n  t h e s e  

sys t ems  was i g n o r e d .  

e f fec t  i s  a m p l i f i e d  by t h e  r e d u c t i o n  of  t h e  number of i n t e r a c t i n g  modes which 

Coheren t  g a i n  l e n g t h e n s  the  mixing  f ree  p a t h  and t h i s  

c o n t r i b u t e  t o  t h e  damping o f  a g i v e n  mode. To a c h i e v e  a s i g n i f i c a n t  number 

o f  sound modes c a p a b l e  o f  p r o p a g a t i n g  second sound r e q u i r e s  a d e l i c a t e  ba l -  

ance  o f  g a i n ,  which must  b e  l a r g e  enough t o  ampl i fy  t h e  wave b u t  sma l l  enough 

n o t  t o  d i s r u p t  t h e  mix ing  i n t e r a c t i o n  r a t e .  I t  a p p e a r s  t h a t  t h i s  b a l a n c e  

can  be a t t a i n e d  b e c a u s e  second  sound waves h a v e  most p robab ly  been  o b s e r v e d  

i n  CdS. 10 

The r o l e  o f  e l e c t r o n s  o t h e r  t h a n  t h a t  o f  p r o v i d i n g  a s o u r c e  o f  g a i n  

and  n o n l i n e a r i t y  f o r  t h e  sound waves has  been i g n o r e d  i n  t h i s  p a p e r .  C e r t a i n  

c o m p l i c a t i o n s  i n  t h e  p r o p a g a t i o n  o f  c o l l e c t i v e  waves a r i s e  when t h e  e l e c t r o n s  

c o n t r i b u t e  d y n a m i c a l l y .  Such phenomena a s  p l a sma  e f fec ts  and d r i f t  v e l o c i t y  

waves  domina te  t h e  c o l l e c t i v e  b e h a v i o r .  T h e s e  e f f e c t s  are l i m i t e d  t o  l o w e r  

f r e q u e n c y  c o l l e c t i v e  waves: G d i s c u s s i o n  and 

a n a l y s i s  of such x8;res has a ~ p e n r e d  i n  o t h e r  p u b l i c a t i o n s .  

v i %  f o r  CdS, il < los sec-’. 
3.11 
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